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We show that the length lV  of the spectral sequence of a Lie algebra extension
acting on a module V with a submodule W is not bounded by any function of the
lengths lV/W  and lW . © 2000 Academic Press
1. INTRODUCTION
The spectral sequences Er dr  r = 0 1 	 	 	 considered in this paper
all terminate; that is, there exists t such that Er = Et for all r ≥ t. This
stable value is denoted by E∞. In Barnes [3], the length l of the spectral
sequence was deﬁned to be the smallest t for which Et = E∞. Note that
dr = 0 for r ≥ l, but dl−1 
= 0.
Let L be a Lie algebra over the ﬁeld F , let M be an ideal of L, and let
V be an L-module. We consider the Hochschild–Serre spectral sequence of
this extension L of M by L/M , working with homology rather than coho-
mology to simplify the notation. The terms E0 d0 and E1 d1 depend on
the choices of resolutions used in the construction of the spectral sequence,
and
E2pq = HpL/MHqMV 	
Thus for r ≥ 2, nonzero terms Erpq are conﬁned to the rectangle given
by 0 ≤ p ≤ dimL/M and 0 ≤ q ≤ dimM. Since drpq maps Erpq into
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Erp−r q+r−1, it can only be nonzero if r ≤ dimL/M and r − 1 ≤ dimM.
Thus the length l of the spectral sequence always satisﬁes
l ≤ 1+ dimL/M and l ≤ 2 + dimM	 (1)
The Hochschild–Serre spectral sequence is discussed at length in
Barnes [2], with the particular resolution and ﬁltration used here appear-
ing in Section IV.4 of [2]. Like most references, this concentrates on
cohomology. The homology version is mentioned brieﬂy by Cartan and
Eilenberg [4, p. 351] and by Barnes [1]. The dual V = HomFV F of a
right L-module V is a left L-module, with the action of x ∈ L on f ∈ V
given by xf v = f vx for all v ∈ V . For a left L-module projective
resolution P• of F ,
HomFV ⊗L P• F  HomLP•HomFV F = HomLP• V 	
Thus dualization converts a complex for the homology of V into a com-
plex for the cohomology of V and HomFHnL V  F  HnL V . Any
ascending ﬁltration of V ⊗L P• gives a descending ﬁltration of the cochain
complex, and the dual of the homology spectral sequence for V is the coho-
mology spectral sequence for V . Thus the results of this paper apply also
to the cohomology spectral sequence.
In Barnes [3], the following results, giving sharper bounds on the length
lV , were obtained.
Lemma 1.1. Suppose L splits over M and that M acts trivially on V . Then
drp0 = 0 for r ≥ 2, and l ≤ 1+ dimM.
Theorem 1.2. Suppose L splits over M , and that M is nilpotent and acts
trivially on V . Then the spectral sequence has length at most the greater of 2
and dimM.
Theorem 1.3. Suppose L splits over M , and that M is abelian and acts
trivially on V . Then the spectral sequence has length at most 2.
Lemma 1.1 was proved by showing under the assumed conditions that a
nonzero arrow cannot start on the lower edge of the rectangle. Theorem 1.2
was proved by showing that it also cannot end on the upper edge under
the stated assumptions. It was asked in [3] what happens in Lemma 1.1 and
Theorems 1.2 and 1.3 if the condition thatM acts trivially on V is weakened
to M acts nilpotently and, if V has a submodule W , is lV  bounded by
some function of lV/W  and lW . These questions are answered in the
next section by the construction of an example in which L is abelian and
acts trivially on both V/W and W , dimL/M = n, dimM = n − 1, and
lV  = n + 1. By Theorem 1.3, we have lV/W  = lW  = 2. Note that
both of the bounds in (1) are attained.
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2. THE EXAMPLE
Example 2.1. Let L be the abelian Lie algebra with the basis
u1 	 	 	  un, x2 	 	 	  xn, whereM is the subspace spanned by x2 	 	 	  xn.
For V , we take the space with basis v1 	 	 	  vnw1 	 	 	  wn+1, where W
is the subspace spanned by w1 	 	 	  wn+1. The right action of L on V is
given by viui = wi+1 vixi = wi for i = 1 	 	 	  n and all other products 0.
Then lV  = n+ 1.
Proof. The chain group Ck = V ⊗ kL has a basis consisting of the
elements
vi ⊗ uα1 	 	 	  uαs  xβ1 	 	 	  xβt  (2)
and
wi ⊗ uα1 	 	 	  uαs  xβ1 	 	 	  xβt  (3)
with s + t = k and α1 < α2 < · · · < αs and β1 < β2 < · · · < βt . The above
basis elements are in the ﬁltration  pCk if s ≤ p.
We put c1 = v1⊗u1 	 	 	  un ci = vi⊗ui ui+1 	 	 	  un x2 	 	 	  xi and
put c′j = wj ⊗ uj uj+1 	 	 	  un x2 	 	 	  xj−1. Then
dc1 = w2 ⊗ u2 	 	 	  un = c′2
and, for i > 1,
dci = wi+1 ⊗ ui+1 	 	 	  un x2 	 	 	  xi
+−1n−1wi ⊗ ui 	 	 	  un x2 	 	 	  xi−1
= c′i+1 + −1n−1c′i	
Put
c = c1 + −1nc2 + c3 + −1nc4 + · · · + cn	
Then c ∈  nCn c 
∈  n−1Cn, and dc = c′n+1 ∈  0Cn−1. As the c′i form a
subset of our basis of Cn−1, we can deﬁne a linear map φ:Cn−1 → F by
setting φc′i = −1ni−1 for i = 2 	 	 	  n + 1 and φb = 0 for all of
the other basis elements. Using our basis for Cn, any element e ∈ Cn can
be expressed in the form e = λ1c1 + · · · + λncn + e′ where e′ is a linear
combination of the remaining basis elements. The basis elements of the
form (3) all have boundary 0. Of those of the form (2), only ci and ci+1
have a boundary in which the term ±c′i+1 appears. For i > 1 φdci = 0,
so φde = λ1. If e ∈  n−1Cn λ1 = 0. It follows that c′n+1 
∈ d n−1Cn and
dnn0:E
n
n0 → En0 n−1 is not 0. Thus lV  = n+ 1.
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In Example 2.1, we have the nonzero map dnn0 starting on the lower edge
of the rectangle 0 ≤ p ≤ dimL/M 0 ≤ q ≤ dimM and ﬁnishing on the
upper edge, showing that the condition in Lemma 1.1 and Theorem 1.2
that M acts trivially on V cannot be weakened to M acts nilpotently. As
for n ≥ 2, we have lV  > 2; we see that the condition also cannot be
weakened in Theorem 1.3.
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